A typical suspension bridge tower-pier system is considered, the tower mass of which is not negligible and assumes an arbitary distribution along the tower. The pier rests on a viscoelastic foundation and can follow rotational and horizontal motion. The surrounding soils perform a horizontal harmonic motion. The equation of motion of the pier as well as the partial differential equation of the lateral deflections of the tower with the accompanying boundary conditions, are derived. The solution of the above p.d.e. is taken as a sum of terms, each one corresponding to an eigenshape of vibration of the tower. Applying the Galerkin method a system of ordinary differential equations results. The system of all the o.d.e.'s of motion (the pier's and the tower's) is solved for the steady state response, and based upon the resulting deflections, the stresses along the tower are determined. A parametric study is carried out.
INTRODUCTION
The estimation of the dynamic response of a suspension bridge tower-pier system usually is carried out under more or less rough approximations.
As far as the mass of the tower is considered, either it is neglected as very small, compared with the pier mass, or it is taken as lumped at specific points along the tower [1] [2] [3] [4] . Also there is an approximate assumption according to which the tower is a vertical cantilever with uniformly distributed mass, fixed into the pier, which performs only a given horizontal oscillation [5] .
As far as the influence of the surrounding soils is concerned usually their rocking damping or/and their horizontal stiffness and damping are not taken into account.
In the present work a relatively complete tower-pier system of a suspension bridge is analysed, in the sense that: a) the mass of the tower plays a dominant role in its vibration, having an arbitary distribution along the tower, and b) the behaviour of the surrounding soils incorporates horizontal as well as rotational stiffness and damping. The tower-pier system is excited by a horizontal harmonic motion of the surrounding soils of given amplitude and frequency. The dynamic response of the tower is described by a linear partial differential equation which, among others, includes the mass distribution and the internal damping of its material as well as the axial force developed by the suspension of the cables at its top.
To convert the above p.d.e. to a system of o.d.e.'s the determination of a set of orthogonal eigenshapes of the tower is required, which have to conform with the boundary conditions accompanying the p.d.e. Those eigenshapes are obtained by solving a properly formulated boundary value problem and passing them through an orthogonalization process. Finally, the determination of the steady state response of the tower-pier system consists in solving the system of equation composed of a) the o.d.e.'s of motion of the tower eigenshapes, b) the o.d.e.'s of motion of the pier, and c) the o.d.e. of motion of the foundation interface. As was referred above, the excitation (input) of the above system is the given horizontal harmonic motion of the surrounding soils. Based on the process described above a parametric study of the response is carried out in dimensionless form.
THE MODEL AND THE EQUATION OF MOTION
In Figure 1a a tower-pier system is depicted, where the action of the suspension cables is replaced by a vertical force P and a horizontal spring of stiffness K e at the top of the tower. In Figure 1b the corresponding structural model is shown, the dynamic response of which is studied. The surrounding soils are represented by a block performing the given horizontal harmonic motion
The foundation interface is represented by another block connected with the bottom surface of the pier, by a rigid horizontal bar, since it is assumed that is fixed on it, and performs the horizontal steady state harmonic motion
transferring it to the pier. The horizontal forces acting on the foundation interface, are those originating from the surrounding soils and transferred to the pier, as shown in Figure 2a . Their equilibrium is expressed by
which due to eqn's (1) and (2), gives In Figure 2b the free body diagram of the pier along with all the actions applied on it, is depicted. If y(x,t) (0 £ x £ h) are the lateral deflections of the tower, the angle of rotation of the pier is y'(0, t) and the horizontal force H(0, t) and bearing moment M(0, t) transferred through the base of the tower, are given by
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Hence, the equilibrium of the horizontal forces and the moments applied on the pier, are given by
and y'(0,t)(K C -m p gz c ) -EIy'''(0,t) + EIy'''(0,t)(L + z c ) + y'(0,t)C C + (5) ÿ'(0,t)(I p + mpz 2 c ) = m p z c v 2 Y so cosv t respectively Considering now the tower, the p.d.e. of its lateral deflections (0 £ x £ h), is
where EI: stiffness of the tower m(x): distribution of the tower mass In eqn(9), use of the relation
has been made The displacement of the base of the tower (x = 0) must satisfy the relation
As the 4 th boundary condition consider the moment equilibrium of the pier, eqn (5) Assume that the lateral deflections of the tower are of the form
In equation (11) the term y 0 (x, t) is the pseudostatic deflection [6] of the tower, and the y i (x)'s are the vibration eiginshapes of the tower mass, which oscillate following the harmonic time functions V i (t).
First the y 0 (x,t) and the y i (x)'s will be evaluated, and then to estimate the V t (t)'s, the Galerkin Method will be employed.
EVALUATION OF THE PSEUDOSTATIC DEFLECTION
which accepts the general solution
where a 1 = ( )
Equation (12) is followed by the Boundary conditions (B.C.'s) equations 8, 9,10 and 5, which must now be rewritten in terms of y o (x,t), given by the equation 13 above, instead of y(x,t).
Substituting equation 13 into those four B.C.'s, the following linear ordinary differential system with respect to c i (t)'s, i = 1, 2, 3, 4, under harmonic excitation, results 
Since the structural model considered includes damping (C C , C s , C int ), its transient response vanishes eventually, and therefore for the above system of equation 15, a particular solution of the form 
where u 1 (x) and u 2 (x) are known functions, and Y so is the unknown vibration amplitude of the bottom surface of the pier. b. To evaluate the eigenshapes y i (x)'s, i = 1, 2, 3, ... appearing in equation 11, consider the following boundary value problem:
with boundary conditions
The general solution of (18) is y -
where a *
Substituting equation (20) For each eigenvalue m t i * , i = 1, 2, ..., the corresponding eigenfunction y i (x) is evaluated.
It will be indicated now that the eigenfunctions y i (x)'s satisfy the homogeneous parts of the B.C.'s equations 8, 9, 10 and 5. It is understood that in those B.C.'s one has to write V i (t) · yi (x) in the place of y(x, t), and also to set the right hand sides equal to zero.
Indeed if one observes the B.C.'s equations 19, which are satisfied by the yi (x)'s, it is not difficult to conclude that the eigenfunctions yi (x)'s satisfy the homogeneous parts of equations 8, 9, 10 and 5.
The set of yi (x)'s in general is not orthogonal. Employing the Gram-Schmit orthogonalization process [7] . 
EVALUATION OF V I (T )'S -APPLICATION OF THE GALERKIN METHOD.
It remains to discuss the requirement that the lateral deflections of the tower, equation 11, must satisfy the pd.e. (6) . This requirement will provide the time functions V i (t), i = 1,2,3 ...
If one substitutes equation 11 into equation 6, a residual R(x,t) arises which must vanish. According to the Galerkin Method, vanishing of R(x,t) is equivalent to simultaneous vanishing of the inner products 
where the unknown amplitude Y so remains to be determined.
EVALUATION OF Y S O , w AND THE STRESSES ALONG THE TOWER Substituting equation 26 into equation 4, the horizontal force acting on the foundation interface, becomes
where A and B are known constants. Equating the right hand sides of equations 3.2 and 27, and setting the coefficients of cos v t and sin v t equal, an algebraic system results, which furnishes the phase angle w and the amplitude Y so of the harmonic motion of the pier bottom surface. w = arctan ( )
. The shear force and bending moment along the tower are given by the well known equations
which upon use of equation 26, furnish
The amplitudes (magnitudes) of the developed shear forces and bending moments along the tower, are given by
PARAMETRIC STUDY AND RESULTS
In order to carry out a parametric study, the following dimensionless quantities are introduced:
tower abscissa j = x/h time t = t(g/h) 1/2 ground motion frequency w = v (h/g) 1/2 tower deflection n(j ,t ) = y(x,t)/Y go top tower force a 1 = (Ph 2 /EI) 1/2 tower mass a t = (m t gh 2 /EI) 1/2 pier mass m p = (m p gh 2 /EI) 1/2 pier moment of inertia i p = I p /m p z 2 c top tower spring k e = K e h 3 /EI soil stiffness against rocking k C = K C h/EI soil damping against rocking c C = (C C h/EI)(g/h) 1/2 soil stiffness against horizontal motion k s = K s h 3 /EI soil damping against horizontal motion c s = (C s h 3 /EI)(g/h) 1/2 coefficient of internal damping c int = (C int /E)(g/h) 1/2 bending moment along the tower M(j ,t ) = M(x,t)h 2 /EIY go = n''(j ,t ) shear force along the tower Q(j ,t ) = Q(x,t)h 3 /EIY go = n'''(j ,t )
Consider a suspension bridge tower-pier system similar to that studied in [4] , for which the above dimensionless quantities obtain the following numeric values:
top tower force a 1 = 1.6 top tower spring stiffness k e = 770 pier mass m p = 4.5 tower mass a t = 0.15-0.50 pier moment of inertia i p = 2.22 soil stiffness against horizontal motion k s = 5.000-15.000
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soil damping against horizontal motion c s = 1.000-3.000 soil stiffness against rocking k C = 1.000-3.000 soil damping against rocking c C = 100-300 ground motion frequency w = 5-100 internal damping of the tower c int = 0.02-0.05 the parametric study furnishes the following results: Fig's 4a and 4b show the variation of the bending moment and shear force amplitudes M a (x) and Q a (x) respectively, for "triangular" distribution of the tower mass "a t " In Fig's 6a and 6b one can see the maximum amplitudes M a,max and Q a,max of the bending moment and shear force respectively, along the tower, versus the frequency w of the surrounding soils driving motion, for several values of the soil rocking stiffness k C and for "uniform" distribution of the tower mass "a t ". Similarly fig's 7a and 7b show the maximum amplitudes M a,max and Q a,max of the bending moment and shear force along the tower, versus the frequency w of the surrounding soils motion, for several values of the soil rocking damping c C and for a "uniform" distribution of "a t ". Fig's 11a and 11b depict the maximum amplitudes M a,max and Q a,max along the tower, versus the soils frequency w, for different values of the internal damping coefficient "c int " and uniformly distributed tower mass "a t ". The presented method is useful in cases where the tower mass is comparable with the pier mass, and can handle any form of mass distribution along the tower.
2.
This method can furnish detailed and exact results about the stresses, deflections and displacements of the tower as well as of the pier and the foundation.
3.
The main results of the parametric study are: (a) A "triangular" type of the tower mass distribution develops greater stresses in the tower than a "uniform" type. (b) The stresses in the tower increase with the stiffness and damping against rocking and horizontal motion of the surrounding soils as well as with the mass of the tower. On the contrary, the stresses in the tower decrease with the internal damping of its material. (c) There takes place resonance of the maximum amplitudes of the bending moment and shear force along the tower, at a range of the nondimensional exciting soils frequency: w=30-40.
4.
The presented model can be further extended so as to include towers with variable stiffness EI(x) along their height, by properly modifying the pseudostatic displacement y 0 (x,t).
5.
In general under suitable formulation, the presented method can be applied to analyze structural or mechanical systems, consisting of rigid bodies connected by flexible rods with considerable mass C.J. Younis and D.E. Panayotounakos
